
Fourier Analysis 04 - 23

Review .

Thin ( Uniqueness )

Let Usx. y ) E C-( 112×112-1 ) NC ( IRXIRI ) .

Suppose OU ⇐ 3¥ t III. =o on lRxlR+
.

{ ufx , 01=0
Moreover

, suppose U(x. g) → o As lxlty → to

Then Ulxiy 1=-0 On Rx Rt
.

Remake : The assumption Uto
"

at infinity "
cannot be dropped .

For example : If letting UG , y ) - Y
,
. . . .



Lemma ( Mean value property of harmonic
functions )

Lets be an open set in IR? Let

Uecker)
. Suppose Bp HER

84=0

g. g) GIRL : 4*05where Bplxo.gl :={
+( y - yo)'s.R}

Then tf oars R ,

Ufxo, yo ) = # fo
"

Ufxotrcoso, Yotrsin!

w.



Maximum principle for harmonic functions ,

•
Let re IR

'

be open and connected . Suppose
Ut Ctr) and 84=0 .

If furthermore U takes

the maximum for minimum ) at some point
(Xo, Yo ) E S .

Then U is constant on D .

Proof . Let 8 = Ulxo , Yo) = sup Ufx , y )
(x. g)Er

.

Set ST = { (x.g) Er : UH , y) - 8) .
Then ( Xo, Yo) EF ,

so I #0 .

As UE Cfr)
,
it is a relatively closed

in r
,
that is

, if (xn, yn ) ER converges to

some (x. 9)Er
,
then 4,9 ) ER .

Hence
,

Hot = { ex, y)Er : UG , y ) at } is open .



Next we prove that it
is open . To this end, let

(Xi, Yi) tr .

Choose r >o such that

Bran , 4) er .

By the mean value property, for any of r's r,
ITT fo" U ( rarer.coso, bit r 'sino) do =D .

By the maximally of 8 ,
we have

U(kit r 'cos O , y ,
tr 's inO) =p

for all of r 's r
,
of 0<217

. Therefore
{ Cx , y ) : Cx-xD't (b - YD's r

'} c. I,
so it is open .

As r is connected
,
both 5 and Rft are

open , we have I =D.

TE
.



Corollary : Let r be a bounded open region
on IR
.

. Suppose
UE Cyr) n C (t) and 04=0

Moreover suppose U=o on 21

Then U=O on r .

Proof . Since I is compact , so U take

maximum value in it
. If both these two{

minimum value

values are taken on 2h
,
then 4=-0 on I .

Otherwise
,
if one of them is taken in R

,

then

U is constant on it ⇒ UEO
.

on I
.



Poisson summation formula .#

Let f- E MUR) and suppose also that FEMUR) .
Set F-G) = 2- faith ) . Then

nez

F is a continuous I- periodic function on IR .

Trina ( Poisson summation's formula )

f- Cx ) = Inez fth ) e'
" in"

,
it x c- IR

.

In particular

Fez font
= Fez find .

PI. We first calculate the Fourier coefficients
of F -on the unit circle .

FIN ) = fo
't

f e-mind ,



- fo
't

Fez fcx.int e-
* in×d×

= Ee# fo
't

fcxtm, e-
"'
'

"

d×

= Fez fmm
"

fog , e-
mints -m)

dy

= Fez fmm
"

fey, e-
Kind

dy

'

= f! f gettinYay
= Icn) .

Since FEMUR) , I #nil so ,

%
fcx ) = z Fen, eatin .

Utz

= h¥z Rn) e
Klint

ME



E×ampl jet fan = IT ×¥y. ( Y ")

( fat Dyk ) ) .

Icss ) = e
- 217151 - y

By Poisson summation formula ; we have

Fez faith ) = Inez Icn , e
Zain X

i.e .

÷ ¥, ,*n%g. = I.* e-
"Y¥inx

Letting x=o gives

TT Fez n¥yt= Ez e
- 2*149



= I t z fi e
-2*1My

- za y
= It 2 . e-

I - e
-2 IT y

l t e-
21T y

= -

I- e-2179

Hence

E.* n¥y
- JI .

9

Letting y =L gives
2

I.* n¥
- it . I

.



Examples : Consider the Theta function
- TIN}

G) = Inez E ,
so

It satisfies the following property

s
- ±

-Off ) = Ofs )
,

s > o .

To see this
,
let

- TIX?S

fix) = e ( s > o )

( e-
"" ie. e-

" s
'

,

fix , Es f. e
-MI5

= # e
- * 3%

.



By Poisson Summation formula
E fan) = I Fail

i.e. { e-
Tin's

= Est e
- tTn%

So ④ Csk Frs ④ LIT
.


